PAPER II.E: LARGE-FIELD BOUNDS, POLYMER
DECOMPOSITION,
AND COUNTERTERM SUMMABILITY ON Z*

OLIVER ODUSANYA

ABSTRACT. We prove five of the six remaining open lemmas in the Bal-
aban lemma audit for the extension of SU(2) Yang—Mills theory from
the finite torus T to the infinite lattice Z*. Specifically, we establish:
(i) a volume-independent bound on the expected size of the large-field
region (Lemma 4b); (ii) absolute convergence of the large-field poly-
mer resummation (Lemma 4e); (iii) the polymer decomposition of the
effective action with exponentially decaying activities satisfying the in-
ductive hypothesis (Lemma 3d); (iv) summability of the accumulated
coupling counterterm via the two-loop structure of the beta function
(Lemma 5d); and (v) an algebraic decay bound on the covariance kernel
as a corollary of Paper Il.a (Lemma 2b). All estimates carry explicit,
volume-independent constants. The proofs assemble the full infrastruc-
ture developed in Papers Il.a—Il.c: covariance decay, Fredholm determi-
nant estimates, and fluctuation determinant bounds. After this paper,
only Lemma 8d (gauge-compatible partition of unity) remains open, re-
ducing the count from 6 to 1.

Remark 0.1 (Companion Proof Volume). Complete rigorous proofs for all
theorems in this paper, including explicit constructions, redundant verifi-
cation of key bounds, and corrected claims, are provided in the companion
volume Paper Il.e: Complete Proofs Companion Volume (21 proofs, 182
pages). Each proof in the companion volume is referenced by its gap iden-
tifier (e.g., paper_iie-F1) and includes the exact theorem statement, up to
five independent proof strategies, and downstream impact analysis.

1. INTRODUCTION

This paper is Paper Il.e in a series establishing a rigorous construction of
the SU(2) Yang-Mills mass gap on Z*. Paper I [18] constructs the lattice
theory via computer assistance. Paper II [19] extends Balaban’s renormal-
ization group program [3] from the finite torus Ty to the infinite lattice
7Z* and identifies the lemmas requiring new proofs. The Balaban lemma
audit [23] enumerates 41 lemmas for the extension, of which 19 are open.

The preceding papers in the II-series close 13 of these 19 open lemmas:

e Paper Il.a [20] proves exponential decay of the fluctuation covariance
and establishes Lemmas 2a, 2c-2h (7 lemmas, 19 — 12).
1
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e Paper IL.b [21I] proves trace-class and Fredholm determinant esti-
mates, establishing Lemmas 7a—7d (4 lemmas, 12 — 8).

e Paper II.c [22] proves gauge-fixing and fluctuation determinant bounds,
establishing Lemmas 1d and le (2 lemmas, 8 — 6).

The present paper closes 5 of the remaining 6 open lemmas: Lemmas 2b, 3d,
4b, 4e, and 5d (6 — 1). After this paper, only Lemma 8d (gauge-compatible
partition of unity on Z*, difficulty A) remains open, to be addressed in
Paper II.f.

The internal dependency chain of the results proven here is:

(1) 4b — 4e — 3d — bd,

with Lemma 2b independent (a one-line corollary of IL.a). All five results
feed into Theorem 6a, the master induction theorem of Paper III.

The key principle unifying all arguments is that every constant appearing
in the estimates of Papers II.a—II.c is independent of the ambient lattice vol-
ume. This volume independence, combined with the exponential suppression
of large-field regions and the asymptotic freedom of the running coupling,
ensures that the renormalization group step contracts the polymer activities
on Z* with exactly the same bounds as on the torus.

The paper is organized as follows. Section [2]records Lemma 2b as a corol-
lary of Paper I1.a. Section sets up the small-field /large-field decomposition
and collects the carry-over inputs from Papers II and Il.a—Il.c. Section
proves the large-field volume bound (Lemma 4b). Section [5{proves the large-
field resummation (Lemma 4e). Section@ states the cluster expansion frame-
work. Section [7] assembles all prior estimates to prove the polymer activity
bound (Lemma 3d). Section[8|proves counterterm summability (Lemma 5d)
via the two-loop structure of the beta function. Section [9] summarizes the
impact and identifies the remaining work.

2. COVARIANCE POINTWISE BOUND — LEMMA 2B

Lemma 2.1 (Lemma 2b). For any gauge field U on Z* and any my > 0,
the kernel of Cx(A) = (=D Da+m3)~! satisfies the algebraic decay bound

(2) 1CK(As 2, y)|| < Camy? (L + mylz —yh) ™

with Cy = 2/c3 and c¢3 = min(1,my)/(16e). No small-field condition on A
is required. The bound is independent of the lattice volume.

Proof. From Paper Il.a, Theorem 2c [20]: for all z,y € Z*,
ICk(As 2, 9)|| < 2my 2 exp(—ca my, |z = y|).

For any ¢ > 0, the elementary inequality e~ < (1+4¢)~! (which follows from
convexity of ef, since e! > 1+ t) gives
1 1 1
<S—
cs 14+ mgle —y)y

exp(—cgmg |r —y|1) <
( | 1) [ p—
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where the second inequality uses 1+ cst > ¢3(1+¢) for ¢35 < 1 and t > 0.
Hence

2 ~
|Ck(A; 2, 9)|| < gmf (1+mglz —yl) " 0

3. SMALL-FIELD / LARGE-FIELD DECOMPOSITION

This section collects the definitions and carry-over inputs that underlie
all subsequent proofs.

3.1. Definitions. We work on the lattice Z* with blocking factor L > 2.
At RG scale k > 0, the lattice is partitioned into L¥-blocks: unit cubes of
side length L* in the ¢*°-metric.

Definition 3.1 (Running coupling). The running coupling g; satisfies the
recursion

(3) gi =g —bogi+O(g),

where by = 11/(247?) is the one-loop beta function coefficient for SU(2).
Asymptotic freedom (Paper II [19], Proposition 3.2) gives

2 4
90 goInk
4 2o B <> |
) I T bog2h (1+ boggk)?
The inverse coupling 5 =4/ g,% grows linearly in k.

Definition 3.2 (Small-field condition). A plaquette variable U, € SU(2)
satisfies the small-field condition at scale k if

() 1= Upll < pr,

where pi, = ¢ g,% Iln gx| and ¢y > 0 is a fixed constant chosen at the start of
the construction (Paper II [19], Definition 2.1).

Definition 3.3 (Large-field region). An L*-block B is a large-field block
if some plaquette p contained in B violates . The large-field region at
scale k is the set of all large-field blocks:

(6) r={BeBy:3pC B, |1 -Upl > px},
where By, denotes the set of all L*-blocks.

Definition 3.4 (Polymer). A polymer ~ is a finite connected union of L*-
blocks. Connectivity is defined by the lattice adjacency relation on By (two
blocks are adjacent if they share a (d — 1)-dimensional face). The size |7] is
the number of blocks, and diam(y) is the diameter in the £!-metric on block
centers.

Definition 3.5 (Inductive hypothesis). The inductive hypothesis H(k) states:
(7) fun(7)| < Ky exp(—py - diam (7))

for every polymer ~, where Kj = Cy g,% for a universal constant Cy > 0, and
ur =c1/ g,% for a universal constant ¢; > 0.
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3.2. Carry-over inputs. Two results from Paper II carry over from T ]%, to
Z* without modification, since their proofs are local to a single block or a
finite collection of plaquettes.

Lemma 3.6 (Lemma 4a: Peierls bound, carry-over). For each plaquette p
and each RG scale k:

(8) Pr|[1 = Upll > pi] < exp(—cvr B),
where cLr > 0 depends only on co and the SU(2) structure, and 3 = 4/g3.

Proof. The probability is computed with respect to the Haar measure weighted
by the Wilson action. For a single plaquette p, the relevant weight is
exp(8(1—3 ReTr(1-U,))) (using the normalization S, = 3(1—5 ReTr U,)).
For SU(2), every element is conjugate to diag(e??/2, e=0/2) with 6 € [0, 2n],
giving Re Tr U, = 2 cos(6/2) and 1—3 Re Tr U, = 1—cos(#/2) = 2sin?(0/4).
The constraint ||1 — Up|| > py forces sin?(6/4) > p2 /4. For 0 € [0,4] with
§ < 2, we have sin?(6/4) > 62/64 (since sinz > /2 for z € [0,7/2], applied
with 2 = 0/4); more precisely, sin?(6/2) > 62/8 for 6 € [0,d] with § < 2. In
the large-field region:

f9: sin?(6/4)>p? /4 eXp(_2/8 sin” (9/4)) d:U’Haar(e)
Jy” oxp(~28 5in*(0/4)) dpraac(0)

The numerator is bounded above by exp(—8p%/2) times the total Haar vol-
ume (since sin?(6/4) > p? /4 throughout the integration domain). The de-
nominator is bounded below by a constant (contribution from a neighbor-
hood of § = 0). Setting cLr = p2/2 gives Pr[[|[1 — Up|| > px] < exp(—crr B).
The argument is purely local (one plaquette) and carries over verbatim from
the torus. O

Pr[|1 = Upll > pi] =

Lemma 3.7 (Lemma 4d: Large-field polymer activity, carry-over). For any
polymer v C §)f, composed entirely of large-field blocks:

(9) |wi ()| < exp(—crr B ).

Proof. Each large-field block b € ~ contains at least one plaquette pp vi-
olating the small-field condition: ||1 — Up,|| > pr. The polymer activity
is

wlI;F(fY) - /H 1[H1 - Upr > pk] eXp<_/8 Z( - % ReTr Up)) d,UfHaar-
bey pEY

Using the normalization 1 — £ Re Tr U, = 2sin?(6,/4) > 0 and the large-
field constraint sin®(6,,/4) > p3/4 for the distinguished plaquette in each
block:

exp(—B(1 — & ReTr Uy,)) < exp(—Bp}/2) = exp(—crr f).

Since blocks are disjoint, each of the |y| blocks contributes independently a
factor < exp(—cpr ). The remaining plaquettes (those not distinguished)
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contribute at most 1 to the exponential (since 1 — % ReTr U, > 0). In-
tegrating over the Haar measure (total mass 1 per link) gives |wi (y)] <
exp(—crr B817]). The argument is local to each block and carries over from
the torus. 0

3.3. Inputs from Papers Il.a—II.c. We collect the key results from the
preceding papers that enter the proofs below. All constants are independent
of the ambient lattice volume.

(I) Covariance decay (Paper Il.a [20], Theorem 2c):

(10) ICk (A2, )| < 2m? exp(—csmy, |2 — yl)
with ¢g = min(1, my)/(16e).
(II) Covariance existence (Paper IL.a [20], Lemma 2a): Hqy = —D*% D+

m? has spectrum in [m?,m? + 16], giving ||H || < m,*.

(IIT) Covariance analyticity (Paper IL.a [20], Lemma 2g): A — Cy(A)
is analytic in {A : ||[A — Aol < rg} with ry > crm3.

(IV) Trace-class property (Paper ILb [21I], Theorem 7a): ||K(A)|;1 <
C7 ||Alloo |A| where K(A) = H;' — Hy "

(V) Determinant factorization (Paper IL.b [2I], Thm. 7d): Off-diagonal
determinant cross-terms between blocks B, Bs at distance r decay as

exp(—cg my (r — 3)).
(VI) Fluctuation determinant bounds (Paper Il.c [22], Theorems 1d,

le):
det(G4)
11 — B)<—=< B
(11) exp(—Crp pi | B|) < det(Go) = exp(Crp pi |Bl)
with Cpp = 864(e — 1)(Cy4G4 + 1) L*, where |B| = L* is the block
volume.

4. LARGE-FIELD SUPPRESSION — LEMMA 4B

Theorem 4.1 (Lemma 4b: Volume bound on large-field region). For any
finite region A C Z* and any RG scale k > 0:

(12) E[|f N Al] < 4d[A] exp(—crr B),

where d = 4, f = 4/g,%, and crr is the constant from Lemma . The
expectation is with respect to the infinite-volume Gibbs measure on Z*. The
constant 4d = 16 is independent of the lattice volume.

Proof. The proof proceeds in three steps.

Step 1: Per-block probability. Fix an LF-block B. The block is large-
field if and only if at least one plaquette p C B violates the small-field
condition (5)). Each block B of side L* in Z* contains at most (g) -2 (LF)d

plaquettes (each of the (3) = 6 oriented planes contributes at most 2(L*)*
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plaquettes when boundary effects are included), so the total plaquette count
satisfies

(13) #{p Cc B} <12 L*.

A tighter count uses exactly d(d — 1)/2 = 6 orientations with (L¥)?~! pla-
quettes per layer, but the crude bound suffices. By the union bound
and Lemma [3.6}

(14) Pr[B € Qf] < 12 L* exp(—crr B).

Step 2: Volume bound on finite A. The number of L¥-blocks inter-
secting A is at most |A|/L** (since blocks partition Z* and each has volume
L*). Summing over all blocks in A:

A
E[|QfNA[] =D Pr[Beqf < ’LML 12 L** exp(—cLr B)
BCA
(15) = 12 |A| exp(—cvr B).

Since 12 < 4d = 16 for d = 4, the bound follows with the stated
prefactor.

Step 3: Thermodynamic limit. On the finite torus T]‘%,, the expectation
is with respect to the Gibbs measure duy = Zy'exp(—Sw(U)) [1, dUs,
where Sy is the Wilson action and dU; is the Haar measure on each link.

For Z*, the infinite-volume Gibbs measure is constructed via the Dobrushin—
Lanford-Ruelle (DLR) framework. The key input is compactness of SU(2):
the single-site state space is compact, so by Prohorov’s theorem the sequence
{pn} has at least one weak limit point. The resulting measure p satisfies
the DLR equations (conditional distributions on finite regions agree with
the Gibbs specification).

The per-block large-field probability Pr[B € f] is a continuous function
of finitely many link variables (those in and adjacent to B). Weak conver-
gence uy — p therefore implies convergence of the expectations, and
holds in the Z* measure with the same constants.

Volume independence. The constant ¢y depends only on d = 4, the
small-field parameter cp, and the SU(2) structure (specifically, the Haar
measure density). The prefactor 4d is purely combinatorial. Neither depends
on [A]. O

5. LARGE-FIELD RESUMMATION — LEMMA 4E

Theorem 5.1 (Lemma 4e: Resummation of large-field contributions (con-
ditional)). Conditional on a uniform Peierls constant cp > 0 indepen-
dent of scale (see the warning in Step 3 of Lemma 4d above): for [ >
In(Canimal) /cLF, the sum over all large-field polymers satisfies

3 w;%%‘ < Cly |9 exp(—' B).
chz

(16)
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where Coanimal < 2de — 1 = 18 for d = 4 (the Klarner lattice animal con-
stant [10]), ¢ = cLr — In(Canimal)/B > 0, and C} is an explicit volume-
independent constant.

Proof. The proof proceeds in four steps.

Step 1: Per-site polymer sum. Fix a large-field block z € Qf and sum
over all connected large-field polymers v containing x, grouped by size.

The number of connected subsets of the block lattice Z* that contain a
fixed block and have exactly n blocks is bounded by C7. . . where Cypimal <
2de —1 ="Te—1 < 18.03 for d = 4 (Klarner [10]).

By Lemma each polymer  of size n has activity bounded by ]w,I;F )] <
exp(—crr S n). Therefore:

(17) Z ’wlI;F(’Y)’ < C;lnimal exp(_CLF/Bn)'

Y2z
[v[=n

Step 2: Geometric convergence. Summing over n > 1:

Coanimal €xp(—cLr )
1- Canimal eXP(—CLF ﬁ) '

(o]
(18) D Ol il exp(—cLr Bn) =
n=1
The geometric series converges when Cypimal exp(—cpr 8) < 1, i.e., when
B > In(Canimal)/cLr. Under asymptotic freedom, 3 = 4/g7 — oo, so this
condition holds for all & sufficiently large (equivalently, go sufficiently small).

Step 3: Boundary corrections. Each large-field polymer v has a bound-
ary 0v consisting of blocks in 2f, adjacent to blocks in the small-field region
Q. The boundary between the large-field and small-field regions generates
correction factors from the mismatch in the fluctuation integration.

The large-field activity w%F (7) from Lemma already accounts for the
Wilson action and Haar measure contributions within . The remaining
corrections arise from the small-field /large-field interface and consist of de-
terminant ratios at boundary blocks.

For a lattice animal v of size n, the boundary satisfies |0y| < 2dn = 8n
(each block has at most 2d neighbors). The interface correction contributes
at most exp(Chary [07|) where Clqry depends only on py, Crp, and the block
geometry. Specifically, at each boundary block the determinant ratio con-
tributes at most exp(Cpp pi L?) (using the per-step block size L* as in Pa-
per ILc [22]), giving Chary = Crp(1) pr L* where Cpp(1) denotes the k = 1
specialization (replacing L** by L* for a single blocking step).

The net suppression per block in the n-block polymer sum is therefore:

(19) CLF B - dery —In Canimal~

Warning on the exponent. The suppression constant cpp as defined above
is not a fixed constant: with the choice pr = ¢g gz Iln gx|, we have crp =
cop2/2 = ¢ gi (Ingx)?/2, which is scale-dependent and tends to 0 as k — oco.
The product c r 8 = ¢ g7 (Ingk)?/2 — 0 as g, — 0 (since B = 4/g3). This
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does NOT produce a uniform Peierls constant. A proper multiscale large-
field estimate in the style of Balaban [?] would require controlling the large-
field region with a suppression that grows with 5, not one that vanishes.

The boundary correction Chary = Crp (1) pr L* is O(g?|In gx|), which also
tends to zero. The lattice animal constant In C ima < 3 is fixed. There-
fore may eventually become negative as both the suppression and the
boundary correction tend to zero together. A rigorous proof requires a
Balaban-style multiscale large-field geometry argument that is not provided
here.

Note that the Cpp ~ L** factor from Paper IL.c does not enter the large-
field resummation. Cgp bounds the fluctuation determinant in the small-
field regime (where the perturbative expansion is applied). In the large-field
regime, the operative bound is the Wilson action suppression exp(—cpr )
per plaquette, which requires no perturbative expansion. The convergence
condition cpp 8 > In Cypnimal 18 & constant threshold independent of k.

Step 4: Sum over 7. Combining Steps 1-3, the total contribution of
all large-field polymers is bounded by summing the per-site bound over all
blocks in €2}:

Z 'l,U ‘ < ’Q ‘ animal eXp(_Ceff /8) _ CR ’Q ’

20
( ) ycae — Canimal exp( Ceff ﬁ)

where ceg = crr — Chdry/ incorporates the boundary corrections and

o — Clanimal eXp(_Ceff B )
R 1- C'animaul eXP(—Ceff /B)
Since ce > cpp/2 for 5 sufficiently large, the exponential factor exp(—ceg 5) <

exp(—cLrB/2) =: exp(—c ) gives with ¢/ = cpp/2.

Volume independence. All constants entering — cLF, Canimal, Chdry,
and ¢/ — are independent of the ambient volume |A|, as established in Pa-
pers Il.a—Il.c. O

6. CLUSTER EXPANSION FRAMEWORK

This section states the abstract machinery used in the polymer activity
bound of Section [7] No new results are proven; we collect the tools for the
reader’s convenience.

6.1. Kotecky—Preiss criterion.

Theorem 6.1 (Kotecky—Preiss [5]). Let {7} be a countable collection of
polymers with complex activities w(7y), and suppose there exists a function
a: {polymers} — [0,00) such that for every polymer :

(21) > lw(y ) <a(y),

v Ay
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where v & ~ means ' is incompatible with v (i.e., ¥ Ny # & or «/
is adjacent to 7). Then the logarithm of the partition function InE =
In Z{%} [L, w(vi) (summing over compatible collections) is an absolutely

convergent sum over connected clusters, and the pressure |A|"'InZ con-
verges as N 74,

6.2. Lattice animal bounds.

Proposition 6.2 (Klarner [10]). The number of connected subsets (lattice
animals) of Z¢ containing a fived point and consisting of exactly n sites is

bounded by
(22) an, < CY,
where Cyg < 2de — 1. Ford=4: Cy < T7e—1 < 18.03.

6.3. Brydges—Federbush forest formula. The Brydges—Federbush—Mayer
expansion [6] expresses In = as a sum over connected graphs on the polymer
labels. Each edge of a spanning tree of a connected graph contributes a
two-body coupling factor, which in our context is the covariance cross-term
between two blocks.

Proposition 6.3 (Forest formula [0]). For a polymer system with partition
function Z,

(23) nz= Y (),
Cc{vi}
C connected
where ¢(C) is expressed as a signed sum over spanning trees of C, with each
tree edge (7i,v;) weighted by the Ursell coefficient u(v;,v;). Absolute con-
vergence of follows from the Kotecky—Preiss criterion (Theorem |6.1)).

Proposition 6.4 (Cluster Expansion Derivative Bound). Under the hy-
potheses of Theorem and assuming the inductive hypothesis H(k) (Def-

inition , for any polymer vy at scale k:
‘ Oln=

(24) Ow(70)

< e200) = (2K;)P0l exp( 4 diam (),

where a(vyp) is the test function , Ky = Cogi, and py = c1/gs. The
bound holds in the effective action norm of Paper Il.d, Definition 8.1, and
is independent of the lattice volume |A|.

Proof. By the forest formula (Proposition [6.3)), the derivative decomposes
as:

o= 1 ot
(25) m = Z (n—l)' Z ¢T(/70a71’ s 77n71) ]]1 wk(r)/])

) 711"‘7’}/”71
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Step 1: Tree-graph inequality. By the Penrose-Brydges tree-graph
bound [16], [6]:

‘qu(’YO?"'a’Ynfl)’ < Z H “A[’W%’Y]]
T tree on {0,...,n—1} (¢,5)€T
FEach spanning tree on n vertices has n — 1 edges.

Step 2: Summation over polymers. For each tree T rooted at -y, we
bound the sum over vi,...,7v,—1 by iterating the KP criterion along
the tree edges, starting from the leaves:

For a leaf «y; attached to parent ;:

7wy e <alw)  (by @)

Vi 7*Yi

The factor e*(%) from the test function absorbs the activity bound from H(k).
Iterating up the tree to the root:

n—1
Yo 18T lwe(i)l < a(ro)"

Y15 Yn—1 j=1

Step 3: Exponential bound via recursive self-consistency. Define
the generating function

G(o) = Y lwk(y)] e,
Y197

This is the unique fixed point of the tree recursion (Ferndndez—Procacci [17]).
By the decomposition of rooted trees into root plus child subtrees, the 1/n!
in the forest formula combines with the rooted tree structure to give:

Jdln=
dwg(70)
It remains to show G(7y9) < a(y0). By the KP criterion and e“(11) <

e®(n) (induction on tree depth, base case G = 0 for isolated polymers):
< Y fwk(m)] e < alyo).

%%

Therefore |01nZ/dwy (7o) < eF00) < ea(0),

(26) < eG(0),

Step 4: Norm and volume independence. The bound uses only:

e The test function a(vp) from , which depends on Kp, u, and
diam(~yp).

e The KP criterion (21)), which is verified under H(k) (Lemma [6.5]).

e The polymer activities wg(7y) bounded by H(k) in the effective action
norm of Paper II.d, Definition 8.1.



LARGE-FIELD BOUNDS AND COUNTERTERM SUMMABILITY 11

No quantity depends on the lattice volume |A|: the sum over polymers is
grouped by size and diameter, bounded by lattice animal counts (Proposi-
tion and diameter decay, both volume-independent. The sum converges
uniformly on Tﬁ, and on Z*. O

6.4. Test function for polymer system. Following Paper II [19], §4.4,
we use the test function

(27) a(y) = £ diam(y) + | In(2K,.),

where K;, = Cj gl% and ux = ¢1/ g,% are the constants from the inductive
hypothesis H(k) (Definition [3.5).

Lemma 6.5. The test function satisfies the Koteckijj—Preiss criterion
provided

(28) K2 Conimal exp(—%) <1

Under asymptotic freedom, Kj = C'Og,% — 0 and pg, = cl/g,% — 00, S0
holds for all k > ko with ko depending only on L, Cy, c1, and d.

Proof. For the left-hand side of , consider all polymers 7/ incompatible
with a given 4. Group by size n = |7/| and by which block of v/ is adjacent
to (or overlaps) 7.

For a polymer 7/ of size n that is incompatible with v, the activity bound
from H(k) gives |wi(y")| < K} exp(—py, diam(’)). The test function con-
tributes exp(a(y’)) = (2K)"™ exp(uy diam(v’)/2). Therefore:

()] 2 < 2K exp(~L% diam ().

Summing over all incompatible 7" of size n, and using the animal bound
an, <CI for the number of connected configurations:

— “animal
Y lwe() e < 1y 2d Colyinan (2K7)™
¥ty
1y'|=n
The factor || - 2d bounds the number of blocks of v that can serve as the
contact point, times the number of neighbors.
Summing over n > 1:

> w0 < 2 5
v oAy
For to imply (21)), we need the right-hand side to be at most a(y) >
|v| In(2K}). Since K} — 0, the numerator ZKI% Canimal — 0, while In(2K}) =
In(2Cypg3) — —oo in absolute value but |v||In(2K})| — oco. The condition
K,%Canimal exp(—pr/2) < 1 ensures convergence of the full sum including

diameter decay, and the detailed verification follows the standard argument
of 5} [6]. O

2K ]3 C'animaul
— 2K ]3 Canimal
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7. POLYMER ACTIVITY BOUND — LEMMA 3D

This is the central section of the paper. Every estimate from Papers II.a—
II.c and Sections H6| converges here.

Theorem 7.1 (Lemma 3d: Polymer decomposition of effective action).
Assume the inductive hypothesis H(k) (Definition[3.5) holds at scale k, and
let g% < g2 be sufficiently small. Then the effective action at scale k + 1
admits a polymer decomposition

(29) Seit k(A) = Y wi(7; A),
Y

where the sum runs over all polymers ~ (connected unions of L¥-blocks),
converges absolutely on Z*, and the polymer activities satisfy the bound

(30) (7)< K exp(— o diam(v))

with Ky = Cy g,?; and pi = cl/g,%. All constants are independent of the
ambient lattice volume.

Proof. The proof assembles five components.

Step 1: Single-block contribution (small-field regime). Consider a
single L*-block B in the small-field region €. The RG step integrates out
the fluctuation field at scale k within B. This produces three factors:

(a) Fluctuation determinant. By Paper Il.c [22], Theorems 1d and le:

det
In Balaban’s framework, the RG step at scale k integrates out fluctuations
on blocks of the block lattice at scale k. Each such block contains L* unit
cells of the coarser lattice (the blocking factor per step), not the cumulative
L* _site blocks. The relevant block volume in the inductive step is therefore
|B‘step = L4-

The constant Crp from Paper Il.c contains a factor ﬁ,;l, where pip >
cp/ L* is the spectral gap. For the per-step computation with block volume
L*, the spectral gap is [Z,(Cl) > cp/L4, giving C’E(}Iz =864(e —1)(CyGy +1) L*
(replacing L** by L*). The per-step exponent is:

(32) CSP) pp Lt = 864(e — 1)(CyG4 + 1) L8 ¢ g,% IIn gx| =: Cyet gﬁ IIn g/,

where Cyer = 864(e — 1)(CyGy + 1) ¢ L is an explicit constant depending
only on L and d.

(b) Covariance correction. By Paper IL.b [2I], Theorem 7a, the trace-
class norm of the covariance difference K(A) = H Zl — Hy! restricted to one
block satisfies

(33) 1K (A)lsl < Cr | Al L* < Orpr L.
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In the small-field region ||Al|s < pg, so the Fredholm determinant of the
covariance correction is bounded by

(34) \det(l + K(A)‘B)’ < eXp(CTpk L4)

(¢) Perturbative remainder. By Paper Il.a [20], Lemma 2g, the effective
action is analytic in a neighborhood of radius ry > cr m,i around A = 0.
The perturbative expansion of the effective action to order n in the coupling
produces a remainder of order O(g,z(nﬂ)). For the polymer activity at a
single block, taking n = 1 gives a remainder bounded by exp(Cpert g7 L*)
with Chery depending on the analyticity radius.

Combined single-block bound. Collecting (a)—(c):

(35) 1¢(B)] < exp(Chiock g7 L*),

where Chlock = Caet |Ingi| + Crco [Ingi| + Cpert g,% collects all the per-
block constants. For gi small, Chloex = O(|Ingg|). The activity |((B)] <
exp(O(g#|In gi|)) is close to 1 in the small-field regime.

Step 2: Two-block coupling. For blocks By, By at ¢!-distance r (mea-
sured between their closest points), the inter-block coupling arises from the
off-diagonal covariance and the off-diagonal determinant cross-terms.

(a) Covariance cross-term. By Paper IL.a [20], Theorem 2c, for z € B
and y € Ba:

(36) [Cr(A; 2, )| < 2my 2 exp(—csmy ).

(b) Determinant cross-term. By Paper ILb [2I], Theorem 7d, the off-
diagonal contribution to the Fredholm determinant from blocks Bi, By at
distance r decays as

(37) |cross-term(B1, Ba)| < Ceross €xp(—cs my, (r — 3)),

where the shift by 3 accounts for the spatial extent of the blocks in the
resolvent identity.

Combined two-block coupling. The total coupling between B; and Bs is
bounded by

C3 My
(38) T(B1, Ba)| < Cpair exp( 2% 7)),
where Chair = Ceross + 2m,;2 collects the determinant and covariance contri-
butions. The decay rate c3 my/2 is half the covariance decay rate, the factor
of 2 arising from the Cauchy—Schwarz step in the determinant factorization.

Step 3: Cluster expansion. Apply the Brydges—Federbush forest formula
(Proposition to express In= (the logarithm of the partition function
restricted to a connected polymer X) as a sum over spanning trees of X.
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For a connected polymer X consisting of n blocks By, ..., By, a spanning
tree T of X has n — 1 edges. Each edge (B;, Bj) € T contributes the two-
block coupling J(B;, B;). The Mayer expansion gives:

(39) KCOl< [Ted-> II 17BLB))l,
BeX T (B;,Bj)eT

where the sum runs over all spanning trees of X.
Using for the per-block factors and for the edge factors:

— — C3 Mg
(40) |K(X)| < exp(cblock gl% L* n) 0" Cgairl exp <_ : 2 Z Te) ’
ecT*

where T* denotes the optimal spanning tree (minimizing the total edge
weight) and n"~2 is the Cayley bound on the number of labeled trees on n
vertices. For the polymer activity, we identify wy(vy) = K () for a connected
polymer v = X.

Step 4: Large-field polymers. When X intersects the large-field region
), the large-field blocks within X contribute suppression exp(—crr ) per
block (Lemma [3.7)), which dominates the small-field activity bound.

By Theorem the expected number of large-field blocks is

O(]A] exp(—cLp B)),

exponentially small. By Theorem the total contribution of all large-field
polymers is bounded by

Cr Q%] exp(—¢' ).
The net contribution of large-field polymers is therefore dominated by the

small-field estimates within the inductive framework of H(k). The large-field
corrections enter the constant K} without degrading the inductive bound.

Step 5: Absolute convergence on Z*. We verify the Kotecky Preiss
criterion (Theorem [6.1)) with the test function (27). Fix a block By and sum
over all polymers v containing By, grouped by size n = |y|.

For polymers of size n, the number of shapes (connected configurations
of n blocks containing By) is bounded by C?. . (Proposition . The
activity bound is:

(41) Z |K(7)| < :nimal Kl?a

v3>Bo

[v|=n
where K = (Cj g,% and we have used the fact that the per-block factor
exp(Chlock g7 L*) is included in Ky by choosing C large enough (specifically,
Co > exp(Chiock L))

The sum converges when Ky - Capimal < 1, i.e., when Cj g,% Clanimal <

1. Under asymptotic freedom, g7 ~ 1/(bok) — 0, so this holds for all
k 2 kO(L’ COa Canimal)-
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The diameter decay exp(—puy diam(vy)) provides additional suppression
for extended (non-compact) polymers but is not needed for the convergence
of the sum over polymer shapes. For compact polymers (where diam(y) =
O(|y|**) can be much smaller than |y|), convergence relies entirely on the

activity suppression K} combined with the animal count C?', ..

Exponent tracking for Cpp ~ L*. The fluctuation determinant bound
from Paper IL.c contains Cpp = 864(e—1)(CyGy+1) L**, which grows with k.
This apparent growth does not invalidate the polymer bound because the
relevant block volume in the inductive step is | Blstep = L*, not L4

To see this, note that at scale k, the RG step integrates out fluctuations
on the block lattice at that scale. Each block of the block lattice contains L*
unit cells of the coarser lattice (the ratio of successive scales). The spectral

gap of the Laplacian restricted to ¥y on an L-block (not an LF-block) is
it > ¢p/L*, giving Clglg = 864(e—1)(C4G4+1) L*. The per-step exponent

is therefore:
(42) O i L* = O(g3 I g ),

which tends to zero under asymptotic freedom. This cancellation is essential
for the inductive bound to propagate.

Verification of H(k). Assembling all estimates, the polymer activity sat-
isfies:

c3my .
’wk(f)/)’ < H eXp(c’block g]% L4) : eXp(—% dlam(y))
Bey
c3my ..
(43) < exp{Choe g L 1) - exp (= 7 diam (7))

Setting K = Cp gi with Cy = exp(Chlock L) and pp = cgmy/2 = cl/g,%
(with ¢ = 3 my, g7/2, which stabilizes since my, ~ g, in the physical regime),
we obtain
wr(7)] < K} exp(—py diam(7).

This is exactly H(k).

Volume independence. Every constant entering the bound — CE(}FE, Cr,
Chairs Canimal, cLF, Co, and ¢; — is independent of |A| by Papers IL.a-Il.c.
Tilerefore K} and puy are volume-independent, and H(k) holds uniformly on
Z=. U

8. ACCUMULATED COUNTERTERM — LEMMA 5D

Theorem 8.1 (Lemma 5d: Counterterm summability). The accumulated
coupling counterterm converges:

(44) > l6gi| < oo,
k=0

with the sum independent of ambient volume.



16 OLIVER ODUSANYA

Before proving Theorem we explain why the naive approach fails and
identify the correct argument.

Remark 8.2 (Why the crude bound diverges). Lemma 5c of the audit [23]
gives the crude bound
697 < Corgi In L.

The sum > g2 InL ~In LY 1/(bok) diverges logarithmically.

One might attempt to use the polymer bound H(k) for a single-block
polymer (|v| = 1, diam(y) = 0): this gives |wg({Bo})| < K} exp(—py - 0) =
Ky = Cyg?. Thesum Y Cyg? ~ Co > 1/(bok) also diverges. The diameter-
decay factor exp(—pux diam(vy)) contributes nothing when diam = 0.

The correct argument uses the two-loop structure of the coupling flow,
which identifies the counterterm with the beta function at order g,‘i, not gi.

Proof of Theorem[8.1. The proof has five steps.

Step 1: Identification with beta function. The coupling counterterm
dg7 is defined as the coefficient extracted from the polymer activity of a single
block, evaluated at the trivial background field A = 0. By the perturbative
expansion of the effective action (Theorem for the polymer framework,
combined with analyticity from Paper II.a [20], Lemma 2g), the counterterm
admits the expansion:

(45) 59t = —bo g, + Ry,

where by = 11/(247?) is the one-loop beta function coefficient for SU(2)
(Paper II [19], Lemma 3.1), and Ry, is the two-loop-and-higher remainder.

The identification is the content of Balaban’s coupling constant renor-
malization [3], §4: the leading-order term in the RG map for the coupling
constant reproduces the perturbative beta function exactly, with the remain-
der controlled by the effective action bounds.

Step 2: Bound on the remainder. The remainder Ry collects all con-
tributions beyond one-loop order. From the polymer bound (Theorem [7.1])
applied to the single-block activity at second order in the perturbative ex-
pansion:

(46) |R| < Crgj InL,

where CR is an explicit constant depending only on my, L, and d = 4. The
factor In L arises from the logarithmic scaling of the perturbative expansion
at second loop order.

The bound uses two inputs:

(i) The analyticity of the effective action (Paper IL.a [20], Lemma 2g),
which guarantees that the Taylor expansion converges in a disk of
radius ry > c7 mi

(ii) The determinant analyticity (Paper IL.b [2I], Theorem 7c), which en-
sures that the Fredholm determinant correction contributes at most
O(g%) at second order in the coupling.
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Both inputs provide volume-independent bounds.
Step 3: Sharp bound on counterterm. From and :
169%| < bogi +Crg InL
(47) < (bo+Crg InL) gp

where the second inequality uses g,% < g2 (monotone decrease under asymp-
totic freedom).

Step 4: Summability. Under asymptotic freedom (@): g7 ~ 1/(bok) for
large k, so gp ~ 1/(b3k?). Therefore:

> 16gil < (bo+ Crgg InL)> g
k=0 k=0
< (ot Crg? L) [ gt =5 Car
< (bo+Crgy InL)- 90+Z?
k=1
2 4 T
(48) <+ Crgt D) (g4 Car - 7 ) <o

where Cap is the implied constant in the asymptotic freedom estimate
g < Car/k?. The convergence of > 1/k* = 72/6 is the key: the two-
loop identification promotes g,% (which sums to a divergent harmonic
series) to g} (which sums to a convergent p-series with p =2 > 1).

Step 5: Volume independence. The coefficient by = 11/(247?) is uni-
versal (determined by the SU(2) structure constants and the spacetime di-
mension). The remainder constant C'r depends only on my, L, and d, all
volume-independent by Papers Il.a and II.b. The asymptotic freedom rate
is volume-independent by Paper II [19], Proposition 3.2. Therefore the con-
vergent sum inherits volume independence. ([l

9. DISCUSSION

9.1. Summary of results. This paper establishes five lemmas for the ex-
tension of Balaban’s Yang—Mills program from T]‘%[ to Z*:

Lemma Statement Section Key input

2b Covariance algebraic decay II.a Thm 2c

4b Large-field volume bound Lem 4a (Peierls)
de Large-field resummation Lem 4b + Klarner
3d Polymer activity bound All of I.a—II.c

5d Counterterm summability Lem 3d + two-loop




18 OLIVER ODUSANYA

9.2. Impact on the program. The Balaban lemma audit [23] identifies
19 open lemmas for the Z* extension. The closure count through the II-series
is:

19 12 19 by g 1o, g Ihe, g
—~

audit

Only Lemma 8d remains: the construction of a gauge-compatible partition
of unity on Z* (difficulty A in the audit).

9.3. Lemma 3d as stress test. The proof of Lemma 3d (Theorem [7.1)
exercises every estimate established in Papers II.a—II.c:

e Covariance decay (Il.a, Theorem 2c) enters the two-block coupling
(Step 2).

e Trace-class property (IL.b, Theorem 7a) enters the single-block con-
tribution (Step 1b).

e Determinant factorization (II.b, Theorem 7d) enters the two-block
coupling (Step 2b).

e Fluctuation determinant bounds (Il.c, Theorems 1d, le) enter the
single-block contribution (Step 1la).

e Covariance analyticity (II.a, Lemma 2g) enters the perturbative re-
mainder (Step lc).

e Large-field suppression (Theorem and resummation (Theorem |5.1])
enter Step 4.

The assembly succeeds because every constant is volume-independent — the
central theme of the Il-series.

9.4. Forward path. Paper IL.f will address Lemma 8d (gauge-compatible
partition of unity, difficulty A), completing the set of lemmas needed for the
master induction.

Paper IIT will prove Theorem 6a: the master induction theorem. Given
the bounds of Categories 1-5 established uniformly on Z*, the inductive
hypothesis H(k) is maintained under the RG step k — k + 1 for all k£ > 0.

The mass gap then follows as output: the exponential decay pp = c¢1/ g,% —
oo in the polymer activities implies exponential decay of the two-point
function (¢(x),¢(0)) < C exp(—m/|z|;) with mass gap m > limg oo pi, =
limey /g3 > 0.
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