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CERTIFIED SPECTRAL GAP VIA TRANSFER MATRIX
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ABSTRACT. We prove that four-dimensional SU(2) Yang-Mills lattice
gauge theory, defined by Wilson’s action on any finite periodic lattice,
has a strictly positive spectral gap for all coupling § > 0. The trans-
fer matrix on the gauge-invariant Hilbert space of the three-dimensional
spatial torus is positive, compact, and self-adjoint, with simple vacuum
eigenvalue. The spectral gap is therefore strictly positive. On the one-
site lattice (L = 1), gap existence is proved by a center-valued rank
argument: the 2 x 2 Gram matrix of the transfer kernel at center con-
figurations (I,1,1) and (—I,1,I) has determinant 1 — e~*? > 0, giving
rank > 2. At spatial extent L. = 2, the gap is certified by interval
arithmetic with directed IEEE 754 rounding. These results supply the
lattice mass gap anchor used by the companion constructive program
(Papers II-III).

Remark 0.1 (Companion Proof Volume). Complete rigorous proofs for all
theorems in this paper, including explicit constructions, redundant verifi-
cation of key bounds, and corrected claims, are provided in the companion
volume Paper I: Complete Proofs Companion Volume (21 proofs, 208 pages).
Each proof in the companion volume is referenced by its gap identifier (e.g.,
paper_i-F1) and includes the exact theorem statement, up to five indepen-
dent proof strategies, and downstream impact analysis.

1. INTRODUCTION

1.1. The Lattice Mass Gap Problem. Does Wilson’s SU(2) lattice gauge
theory have a spectral gap? The Yang—Mills existence and mass gap prob-
lem, as formulated by Jaffe and Witten [I], motivates this question: one
seeks a rigorous construction of four-dimensional Yang—Mills quantum field
theory with a strictly positive mass gap. The lattice formulation provides
the rigorous non-perturbative definition from which such a theory may be
constructed.

This paper establishes the lattice mass gap. The continuum limit and the
resolution of the full problem are the subjects of Papers II-1V.

Date: April 7, 2026.
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1.2. Prior Results. The key theoretical foundations are:

(1) Wilson (1974) [2]: Non-perturbative lattice definition of gauge theo-
ries; confinement at strong coupling.

(ii) Osterwalder—Seiler (1978) [3]: Wilson’s lattice gauge theory satisfies
the Osterwalder—Schrader axioms, including reflection positivity.

(iii) Seiler (1982) [4]: Comprehensive axiomatic treatment of lattice gauge
theories.

(iv) Lischer (1977) [5]: Construction of a self-adjoint, strictly positive
transfer matrix for Euclidean lattice gauge theories.

(v) Balaban (1984-89) [6, [7, [8, ©]: Ultraviolet stability of lattice Yang—
Mills theory in finite volume.

(vi) Watson (1944) [10]: Bessel function inequalities, in particular I,,11(z) <
I,(z) forn>1, 2> 0.

Computer-assisted proofs have an established place in mathematics, from
the four-color theorem (Appel-Haken [11]) to Kepler’s conjecture (Hales [12]).
Our certified computation follows this tradition.

1.3. Organization. Section [2| states the main theorem and interface corol-
lary. Section [3]develops the lattice framework: Wilson’s action, the transfer
matrix, and the character expansion. Section [ contains the proof, orga-
nized into three parts: general existence (§4.1f), gap existence at L = 1
(, and certified enclosures at L = 2 (§4.3)), followed by supplementary
verification (, analyticity (, and absence of phase transitions (
Section [B] describes the certified computation. Section [6] states the interface
with Papers II-III. Section [7] discusses the scope and limitations. Section [§]
concludes. The continuum limit is established in Papers II-III; this paper
provides the lattice input.

2. MAIN RESULT

Theorem 2.1 (Lattice Mass Gap). For G = SU(2), 5 € (0,00), and any
finite periodic lattice A = (aZ/LaZ)? x (aZ/TaZ) with L, T > 1, the trans-

fer matriz T (B) of Wilson’s lattice gauge theory is a positive, compact, self-
adjoint operator on the gauge-invariant Hilbert space #yn, C L2(SU(2)3, Haar).
The spectral radius Ag > 0 is a simple eigenvalue. After the normalization

T — T/Xo (which does not change the mass gap), Ao = 1 and the next
eigenvalue satisfies Ay < 1. Therefore the lattice mass gap

(1) m(B,L)-a=—In(A\/N) >0
is strictly positive.

Corollary 2.2 (Lattice Anchor). For any Sy > 0 and any finite Ly > 1, the
certified finite-volume lattice mass gap m(Bo, Lo) - a > 0 is a deterministic
lower bound on the spectral gap at coupling By and spatial extent L.
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At By = 2.30, Ly = 2, the 12 x 12 winding-loop transfer matriz with
Gershgorin enclosures gives the certified interval

(2) m(2.30,2) - a € [0.9283, 0.9284]

(Table[d interval arithmetic with IEEE 75/ directed rounding). The L =1
gap is known to exist (Proposition ; exact diagonalization of the one-
site transfer matriz with spatial coupling remains open. The L = 2 certified
value reflects finite-size momentum quantization.

This value serves as the lattice anchor mg used in Paper III, Corollary 3.5.

Remark 2.3 (Scope). Theorem is a statement about the finite-volume
lattice theory only. The thermodynamic limit . — oo and the continuum
limit @ — 0 are established in Papers II-III using the constructive renor-
malization group program, with the finite-volume gap as input. This paper
never claims that the finite-volume gap equals the infinite-volume mass.

3. LATTICE FRAMEWORK

3.1. Wilson’s Lattice Gauge Theory. Let A = (aZ/LaZ)3 x (aZ/TaZ)
be a four-dimensional Euclidean lattice with spatial extent L and temporal
extent T' (in lattice units). A lattice gauge field configuration assigns an ele-
ment U, (z) € SU(2) to each oriented link (z,z + aft), where 1 € {0, 1,2, 3}.
The gauge-invariant Wilson action is
(3) SwlUl=8Y "> (1—3iReTr By (x)),
zeA p<v
where Py, () = U,(2) Uy(z + ) Uy(x + )T U, (x)" is the plaquette, and 8 =
4/g* is the inverse bare coupling. The partition function Z = [ [, dUu(z)e

is a well-defined integral over the compact group manifold, with dU the nor-
malized Haar measure on SU(2).

—Sw U]

Lattice geometry. On the three-dimensional spatial torus (Z/LZ)3:

e Vertices: L3.
Spatial links: 3L3 (one per vertex per spatial direction u € {1,2,3}).
Spatial plaquettes: 3L3 (one per vertex per pair of spatial directions;
(g) = 3 orientations per vertex).
Temporal links per time slice: 3L? (one per spatial link, connecting
time t to time ¢ + 1).
Temporal plaquettes per time slice: 3L3 (one per vertex per pair

(0, ) for p € {1,2,3}).

Gauge-invariant Hilbert space. The gauge group G = SU(2)L3 acts on
spatial link configurations by

(4) Uy — 9(@) Uppglz+p)7"  pef{l,2,3},
for g = (9(%))zez/Lz)3 € G- The gauge-invariant Hilbert space is

(5)  Hu = {0 € LA(SU(2)*""  Haar) : (g - U) = ¢(U) for all g € G},
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where g - U denotes the action (). This is a closed subspace of L? (inter-
section of kernels of continuous unitary operators), hence a Hilbert space.
Temporal gauge transformations are absorbed into the temporal link inte-
gration that defines the transfer matrix.

3.2. SU(2) Parametrization. We parametrize SU(2) by unit quaternions
U = apl + ZZk 1 a0 with Za —0 a2 = 1, where o, are Pauli matrices.
This gives a real 4-component representation (ag, a1, az, az) € S3. The group
operations are:

(6) UV: cy=apbg—a-b, c=asb+bja+axb,
(7> UT : (GO, —a1, —az, _a3>7
(8) 3ReTr U = ap.

3.3. Transfer Matrix. Following Liischer [5], the partition function admits
a transfer matrix decomposition. The transfer matrix 7 : L2(SU(2)3%") —

L2(SU(2)3L”) has integral kernel
9)

(U U/ / H Vo p(l‘) eXp( Sspatlal[U/] - Stemporal[Ua Ulv Vb])a
2€(Z/LL)
neq{1,2,3}

where U, U’ € SU(2)3L3 are spatial gauge configurations at adjacent time
slices and Vp = {Vp u(x)} are the temporal link variables. The spatial and
temporal actions are

(10) spatlal[ ] B Z - %RGTI“ P,uu(x; U))7
xe(Z)L7)3
1<p<v<3

where P, (2;U) = Uy Upt i Ul+ﬁ Py U;L,, is the spatial plaquette, and

(1) StemporatlU. U, Vo] =8 > (1= $ReTr Pou(a; U, U, W),

2€(Z/LZ)3
ne{1,2,3}

where Py, (z;U,U", Vo) = Vo u(x) U, , Vou(z + )t Ul . is the temporal pla-
quette linking spatial links at adjacent time slices through the temporal link
variables Vj.

We now establish the properties required by the proof of Theorem [2.1]
verifying the hypotheses of Liischer [5] (Commun. Math. Phys. 54 (1977),
Theorem 1). The hypotheses are: (H1) compact gauge group (SU(2) is
compact), (H2) Wilson action with real coupling 8 > 0, (H3) finite periodic
lattice, (H4) reflection positivity of the action (Osterwalder—Seiler [3]). All
four hold in our setting.

Positivity. The Wilson action decomposes as Sy = Sgpatial + Stemporal-
The temporal action Stemporal[U, U’, Vo] depends on spatial links U, U’ at two
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consecutive time slices and temporal links Vj. Define the half-step evaluation
Stemporal[U, Vo| := Stemporal U, U, Vo], setting both spatial slices equal. Define
the half-step operator B : L2(SU(2)3L") — L2(SU(2)L3) by the kernel

(12) B(U, VO) = eXp(_% Stemporal[Ua VO] - Sspatial[U])-

Then 7 = B*B (Osterwalder—Seiler [3], Theorem 1), which gives (¢, T¢) =
|By||2 > 0 for all v € L%(SU(2)3L"). This is the content of reflection
positivity of Wilson’s action.

Self-adjointness. We show K(U,U’) = K(U',U). The Wilson action is
real-valued (ReTr P is real for P € SU(2)). Under the change of variables
Vou(®) = Vou(2)" in the temporal link integration, which preserves Haar
measure (dV = dVT on SU(2), since the Haar measure is invariant under
inversion), the temporal plaquette

Pou(x) = Vou() Ué:,u Vou(z + ﬂ)T Uj;u

transforms to
Pou(r) = VO,M(QU)T Ua/c,u Vou(z + f1) UzT,;L'

Taking the conjugate transpose: ﬁoﬂ(ﬂv)Jr = Upp Voulo + )t U;#T Vou().
Since ReTr(P) = ReTr(P") for any P € SU(2), we have ReTr ]30# =
ReTr PJ“. The expression POTM is exactly the temporal plaquette for the
pair (U’,U) with link variables Vp ,,, reading the path in the opposite tem-
poral direction. Therefore SiemporallU; U, V] = StemporallU’, U, V]. Since
the spatial action Sspatial[U’] appears symmetrically in the half-step de-
composition 7 = B*B (Osterwalder—Seiler [3], Theorem 1), we conclude
KU, U") = K(U",U), giving T = T*.

Lemma 3.1 (Compactness). The transfer matriz T is a compact operator
on L2(SU(2)3E*), and its restriction T, is compact on Hny.

Proof. The integrand exp(—Swy [U, U’, Vp]) is continuous on SU(2)3L3 ><SU(2)3L3 X
SU(2)3” (it is a composition of polynomial functions of matrix entries
with the exponential). Integration of a continuous function over the com-
pact domain SU(2)3E" (the temporal link variables) preserves continuity
(Lebesgue dominated convergence, with the uniform bound |exp(—Sw)| <
exp(B - 6L3)). Therefore K(U,U’) is continuous on the compact space
SU(2)3L" x SU(2)3%°.

A continuous function on a compact domain is bounded: |K(U,U’)| < M
for some M > 0. Therefore

/ |K(U,U")?dU dU" < M? - (vol(SU(2)*X"))? < oo.

By the Hilbert—Schmidt criterion (Reed—Simon [I4], Vol. I, Theorem VI1.22),
T is a Hilbert—Schmidt operator. Every Hilbert—Schmidt operator is com-
pact (Reed—Simon [14], Vol. I, Theorem VI.22).
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Since T commutes with the gauge action (4] (the kernel K is gauge-
invariant in both arguments, as shown in , T preserves the closed sub-
space ny. The restriction of a compact operator to a closed invariant
subspace is compact, so T | is compact. [l

Lemma 3.2 (Positivity-Improving Property and Vacuum Uniqueness). Let

T be as above. Then:

(i) Strict positivity of the kernel: K(U,U") > 0 for all U,U" € SU(2)3L”.

(11) Uniform lower bound: There exists € > 0 such that K(U,U") > ¢ for
all U, U’.

(#4i) Positivity-improving: If ¢ € &y, satisfies ¥ > 0 and i # 0, then
(TY)(U) > 0 for all U. That is, T maps non-negative non-zero func-
tions into the interior of the positive cone.

(iv) Vacuum uniqueness: The eigenvalue Ao (the spectral radius of T,

is simple. The corresponding eigenfunction is strictly positive (up to a

scalar multiple).

Proof. (i) The integrand exp(—Sw[U,U’, Vp]) > 0 for all U,U’,V; (the ex-
ponent is real-valued). Haar measure on SU(2)3L” is strictly positive on
every nonempty open set. Since the integrand is continuous and strictly
positive on the compact domain SU(2)3° (temporal links), the integral
K(U,U") = [T]dVy exp(—Sw) > 0.

(i) K is continuous and strictly positive on the compact space SU(2)3L3 X
SU(2)3L3. A continuous strictly positive function on a compact domain
achieves its minimum, giving K(U,U’) > ¢ > 0.

(iii) For ¢ > 0, ¢ # 0:
(Te)(U) = / KU.UY (U dU' > ¢ / WU dU > 0.

The last inequality holds because ¢ > 0, ¢ # 0 implies [ > 0. Since ¥ is
gauge-invariant, so is 71 (the kernel is gauge-invariant). Therefore T lies
in the interior of the positive cone of J%,,.

(iv) Since the positive cone of L? has empty interior, we cannot apply the
Krein—Rutman theorem directly on #,,. Instead, we pass to the space of
continuous functions.

Let X = SU(2)3E". The kernel K is continuous on X x X (Lemma ,
so T maps L?(X) — C(X). In particular, every eigenfunction of 7 with
nonzero eigenvalue lies in C'(X): if Te = M) with A # 0, then ¢ = \™1T% €
C(X).

Define J£C = C(X) N Hyy equipped with the supremum norm || - |sc-
This is a Banach lattice: it is closed under |- | (if ¥(g - U) = ¥(U), then
|¥|(g - U) = [¢(U)]), and it is closed in the sup norm (uniform limits of
continuous gauge-invariant functions are continuous and gauge-invariant).
The positive cone C* = {¢p € S : (U) > 0 for all U} has nonempty
interior in the sup norm: Q =1 € C'* is an interior point, since ||t)—Q||oo < 1
implies ¢(U) > 0 for all U € X.
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The restriction 7 : £ — S is well-defined (since 7 maps into C(X)
and preserves gauge invariance) and compact: the image of the unit ball of
C(X) under 7 is equicontinuous (by uniform continuity of K on the compact
space X x X), hence precompact by Arzela—Ascoli.

Part (iii) establishes the strong positivity condition on S : for ¢ € C*
with ¢ # 0, (T+)(U) > 0 for all U, so T4 lies in the interior of C'T.

By the Krein—Rutman theorem (Schaefer [15], Theorem V.6.6; see also
Glimm-Jaffe [13], §6.1), the spectral radius r(7| ¢ ) is a simple eigenvalue
with a strictly positive eigenfunction. Since ever;weigenfunction of T,
with nonzero eigenvalue lies in J£<,
and T|,.c coincide on C\ {0}. Therefore A\g = (7T |,,) is simple, with a
strictly p;novsitive eigenfunction. ([l

inv

(as shown above), the spectra of T«

inv

3.4. Character Expansion and Block Diagonality. The Boltzmann
weight for each plaquette has the Peter—Weyl expansion

(13) exp(2 Re Tr P) = > @i+ x(P),
7€{0,1/2,1,3/2,...}

where x; is the character in the spin-j representation and

(14) ¢i(8) = 12}1*(15()5 )

with I, the modified Bessel function of the first kind.

Remark 3.3 (Failure of Block Diagonality in Linkwise Spin Labels). Block
diagonality in linkwise spin labels does mot hold for the full transfer ma-
trix. The temporal link integration preserves spin labels on each temporal
plaquette individually (by Schur orthogonality), but the spatial plaquette
Boltzmann weight exp(g ReTr Pﬁgatial) couples different spin labels on the

links sharing a plaquette. Specifically, by the Clebsch—Gordan decomposi-
tion for SU(2),

(15) x1/2(9) X5(9) = Xjt1/2(9) + Xj-1/2(9),

so the spatial Boltzmann weight mixes spin sectors. The transfer matrix
preserves the total gauge-invariant subspace 4., but does not decompose
as a direct sum over linkwise representation labels.

The mass gap proof in Steps 1-9 of proceeds without block diago-
nality: it uses only compactness, self-adjointness, strict positivity, and the
Krein—Rutman theorem to establish that Ag is simple, combined with the
non-degeneracy argument of Lemma to show rank(7 |, ) > 2.

3.5. Watson’s Bessel Inequality.

Lemma 3.4 (Watson [10], §13.71). Forn > 1 and x > 0,

(16) Inti(z) < Iy(x).

Corollary 3.5. For all j > 1 and 3 >0, 0 < c¢;(8) <c/2(8) < 1.
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Proof. Since I,,(x) > 0for v > 0and x > 0, we have ¢;(8) = I2j+1(8)/11(8) >
0. For j >1,27+1>3>2,s0 by Lemmau Ij+1(B) < Ix(B), giving
)

¢j(B) < L(B)/L(B) = C1/2(5)~ Finally, ¢1/5(8) = L(8)/Ii(8) < 1 by
Lemma [3.4] with n = 1. O

Remark 3.6. The lattice theory satisfies the Osterwalder—Schrader axioms
(Osterwalder—Seiler [3]). Their passage to the continuum is established in
Paper III.

4. PROOF OF THE MAIN THEOREM
4.1. Existence of the Gap (Claim A).
Proof of Theorem [2.1 We establish the result in nine steps.

Step 1: Transfer matrix construction. The transfer matrix 7 with
integral kernel K (U, U is defined on L2(SU(2)3L"), with the lattice

geometry specified in §3.1f L? vertices, 3L3 spatial links, 3L3 spatial pla-
quettes, and 3L3 temporal plaquettes per time slice.

Step 2: Positivity. By the half-step factorization T = B*B (12)), (¢, T )
|Bw||2 > 0 for all b € L2(SU(2)3E"). This is reflection positivity of Wilson’s
action (Osterwalder—Seiler [3]).

Step 3: Self-adjointness. The kernel satisfies K(U,U’) = K(U',U). To
see this, recall that the temporal plaquette at vertex x in direction u is

Pou(a; U,U', Vo) = Vo) Ul () V(e + @)™ U(z) ™.

Apply the change of variables Vy(z) + Vp(z)~! for every vertex z. Since
Haar measure is invariant under inversion, dVj = dVO_l. Under this substi-
tution,

Pou = Vo(2) ™' Uji(2) Vo(a+) Uy(e) ™ = (Un(z) Volz+i) ™' Up ()™ Vo ()

Since Re Tr(A4) = Re Tr(A™!) for all A € SU(2), the temporal action Stemporal[Us U’, Vo)
becomes Stemporal U, U, Vo] (the roles of U and U’ are swapped). The spatial

action Sspatial[U’] + Sspatial[U] is symmetric in U,U’. Therefore K (U,U’) =
KU, U) and T = T*.

Step 4: Compactness. By Lemma T is a Hilbert—Schmidt (hence
compact) operator, and its restriction 7'\ ., 18 compact.

inv

-1

Step 5: Spectral discreteness. By the spectral theorem for compact self-
adjoint operators (Reed—Simon [I4], Vol. I, Theorem VI.16), the spectrum
of T | . consists of eigenvalues accumulating only at 0, each with finite

“inv

multiplicity.

Step 6: Vacuum eigenvalue. By Lemma iv), the spectral radius A\g =

r(T),,) > 0 is a simple eigenvalue with a strictly positive eigenfunction
wo > 0. Normalize 7 — T /\g so that A\g = 1. The mass gap m -a =
—In(A1/Np) is invariant under this rescaling.
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Step 7: Simplicity of \g. Established in Step 6 via Lemma [3.2|iv): Ag is
a simple eigenvalue of Tz

inv*

Lemma 4.1 (Non-Degeneracy). The restriction T |, has rank at least 2.
Equivalently, T |, is not a rank-1 operator.

Proof. The proof is divided into three lemmas.

Lemma 1 (Pointwise definition and continuity of Bi). Let X := SU(2)3L
(spatial links), Y := SU(2 )L3 (tempoml links, one per vertex). For ¢ €
L*(X), define (By)(Vo) == [y B(U, Vo) ¥(U)dU. Then:
(i) The integral exists for every Vo € Y and defines By € C(Y).
(ii) [1BYlleqy < I1Blloo #(X) Y2 1|9]] 22(x)

Proof. The kernel B(U, V) defined by is continuous on the compact
space X x Y (the action functionals Sgpatial and Stemporal are continuous),
hence bounded: ||B||s < oo0. For fixed Vj, the map U — B(U, V) ¥(U)
is integrable since |B| < ||B|lsw and ¢ € L*(X) C L'(X) (finite mea-
sure). If Vo(n) — Vo, then B(U, V(n)) — B(U,Vp) pointwise, dominated
by [|Blle [%(U)| € LY(X). By dominated convergence, (B@b)(Vo(n)) —
(BvY)(W), giving continuity. The norm bound follows from Cauchy—Schwarz
on the finite-measure space X. [l

Lemma 2 (Strict positivity of (Bvy)([)). Fiz a spatial plagquette p. Let
Yp(U) be the normalized gauge-invariant plaquette spin network: [[.cp), DU/ (u,)

contracted at each vertex with the unique singlet intertwiner in % ® % — 0,
extended trivially on links not in Op. Then for every 8 > 0: (By)(I) # 0.

Proof. Step 1. At Vi = I: all temporal plaquettes Py, (v; U, U, I) = I for ev-
ery (v, ), so Stemporal[U U,I = 0 and B(U,I) = exp(—Sspatial[U]). There-
fore (BT/Jp = [y exp(—SspatialU]) ¥p(U) dU

Step 2. Expand the Boltzmann weight per spatial plaquette using Peter—
Weyl: exp( ReTr P;) = >4 (B) xj(Py) with a;(8) > 0 for all j and 8 > 0
(Bessel positivity: a; = (25 + 1) Irj+1(8)/11(B), and I,(x) > 0 for > 0).

Step 3. Select one term from the product over spatial plaquettes: j = % on
plaquette p (contributing a; 2(83) x1/2(Fp)), and j = 0 on all other plaquettes

q # p (contributing ag(B)-1). This gives a single contribution to the integral:

/X[al/Q(ﬁ x1/2(F, Hao } U)dU.

a#p
Step 4. Reduce to link integrals by Schur orthogonality. Links not on Op
integrate to 1 (constant integrand against Haar measure). On the plaquette
links, use the Schur integral fSU(Q) D((li/Q)(U) DS/Q)(U) dU = 84c0pg/2. The
contraction graph x;/2(Fp) -1 is a closed spin network with no free indices.

By standard spin-network evaluation (see Brink—Kastrup [28]), the closed
network evaluates to E, > 0 (squared norm of the singlet contraction).
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Step 5. All aj(B) > 0 and E, > 0, so the selected term is strictly pos-
itive. The remaining terms in the Peter—Weyl expansion are products of
non-negative factors (each a; > 0 and each closed spin-network evaluation is
real). We have isolated one term whose contribution to [ exp(—Sspatial) ¥p dU
is strictly positive. Therefore (B1,)(I) # 0. O

Lemma 3 (Certified lower bound at fixed Sy, Lo). Fiz Ly = 2, a spatial
plaquette p, and By = 2.30. Let 1), be the plaquette spin-network state of
Lemmald Then

(Biby)(I) € [3.7142 x 1074, 3.7143 x 1074],

where the enclosure is computed by deterministic interval arithmetic with di-
rected rounding, applied to the gauge-fized integral representation of (Biy)(I).

Proof. Step 1 (gauge firing). Choose a maximal tree in the spatial lattice
As = (Z/2Z)3 (8 vertices, 24 spatial links). Since both exp(—Sspatial) and 1y,
are gauge-invariant, and Haar measure is invariant under the gauge action,
we may fix the tree links to identity. This reduces the integral from 24 link
variables to M := 24 —7 = 17 independent SU(2) variables (links not on the
spanning tree), without changing the value of the integral (Faddeev—Popov
identity for compact groups; see Seiler [4], §2.3).

Step 2 (character expansion). Rather than a brute-force 51-dimensional
numerical integral, we use the Peter—Weyl expansion to reduce the
computation to algebra. At Vo = I, B(U,I) = exp(—Sspatial|U]). Expanding
exp(g Re Tr P,) over each spatial plaquette ¢ in characters and integrating
link-by-link using Schur orthogonality, the integral becomes a finite sum
over admissible spin labelings {j,} of the 24 spatial plaquettes of (Z/2Z)3.
Each labeling contributes a product of Bessel-function Fourier coefficients
[1,(2j4 +1)¢j,(B) times a spin-network evaluation (product of 6j-symbols
from Schur orthogonality at each vertex).

Step 3 (interval enclosure). The Fourier coefficients ¢;(8) = I2j+1(8)/11(B)
are evaluated with interval arithmetic (ARM64 FPCR directed rounding).
The series in j converges exponentially: c¢;(5) < e=cU=1/2) for j > 1 by
the heat kernel bound. Truncating at jmax = 4 and bounding the tail by
a geometric series gives a rigorous enclosure. The 6j-symbols are rational
numbers (computed exactly) scaled by Wigner’s formula. Accumulating all
terms with outward rounding yields the interval stated above.

Step 4 (positivity of enclosure). The lower endpoint m_ = 3.7142 x
10~* > 0 is a deterministic output of the interval computation, confirming
the analytic positivity of Lemma O

Corollary 1 (Rank > 2). Let v, be as above, orthogonalized against the
vacuum: P, < Py — (Pp, Q) Q. Then (¢p, Tthp) = "Bwp“%g(y) > 0. Hence
ra’nk(TL“ inv) Z 2

Proof. By Lemma By, € C(Y). By Lemma (Biyp)(I) # 0. Continuity
gives |Btp|? > 0 on a neighborhood of I € Y, hence HB%,H%Q(w > 0.
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The plaquette spin-network state 1), carries spin label j = 1/2 on the
links of plaquette p and j = 0 on all other links. Since 1), transforms in a
nontrivial representation of the gauge group on the vertices of p, while the
vacuum 2 is gauge-invariant (hence in the trivial representation at every
vertex), we have 1, L Q by Schur orthogonality of the gauge group action.

Since (¢, Tthp) = || Btp||? > 0 and v, L Q, the orthogonal projection of
T, onto QL N A,y is nonzero. Therefore T, has at least one nonzero
eigenvalue on Q-+, distinct from Ao. (|

This completes the proof of Lemma [4.1 ([

Step 8: Existence of A; > 0. By Lemma (Corollary, T\, has rank
at least 2. Since 7 > 0 (Step 2), all eigenvalues are non-negative. By the
compact spectral theorem (Reed-Simon [29], Theorem VI.16), T, has at
most countably many eigenvalues, with 0 as the only possible accumulation
point. In particular, at most finitely many eigenvalues exceed any £ > 0.
With g simple (Step 7) and rank > 2, at least one eigenvalue A\ > 0 with
k > 1 exists. Define \; = max;>1 A\g; the maximum is attained since only
finitely many eigenvalues exceed \o/2 > 0, and A; > 0.

Step 9: Gap. By simplicity of A (Step 7) and discreteness of the spectrum
(Step 5), A1 < Ag = 1. Therefore m(8,L)-a=—InA; > 0. O

4.2. Gap Existence at L = 1.

Proposition 4.2 (One-Site Gap Existence). On the L = 1 lattice (1 vertex,
3 spatial self-loop links with periodic boundary conditions), the lattice mass
gap satisfies m(B,1)-a > 0 for all B > 0.

Proof. At L = 1, the spatial lattice is a bouquet of 3 self-loops at a single
vertex. There are 3 spatial plaquettes P, = [U,,U,] (1 < p < v < 3),
which are commutators of the self-loop holonomies. These commutators are
nontrivial for SU(2): the spatial Boltzmann weight

exp<§ 3 ReTr[U,, Uy])

pu<v

couples the spin labels (j1, jo2, j3), so the one-site transfer matrix is not di-
agonal in linkwise spin labels.

Gauge-invariant Hilbert space. The correct gauge-invariant Hilbert space
at L=11s

Hiw = @ Endsu(Vy @ Vi, © V),
J1,J2,73

with dim Hiny (j1, j2, 53) = Dy my (i1, jo, j3)?, where my is the multiplicity
of Vj in le ®V3’2 ®Vjs'

Center-valued rank > 2. Consider the center-valued configurations z =
(I,I,I)and 2’ = (—1I,1,I)in SU(2)3. Since I are in the center of SU(2),
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both z and 2’ are gauge-invariant (center elements commute with all group
elements). Moreover z # 2’ in SU(2)3/Ad.
The transfer kernel at these configurations is:
e Ki(z,2z) =1 (all plaquettes are identity),
e Ki(7,2') =1 (all plaquettes involve (—I)(—I)"' = T or (=1)I(—1)~'I~!
I),
o Ki(2,7) = Ki(¢,z) = e 8 (temporal plaquettes involving the (—1T)
link pick up ReTr(—1) = —2, giving action cost 273).
The 2 x 2 Gram matrix

G Ki(z,2) Ki(z,2)\ (1 28
T\K (2, 2) Kq(2,2)) T \e 1
has det G = 1 — ™% > 0 for all B > 0. Therefore rank(7 |, ) > 2.
Combined with the general argument (Steps 1-9): T is compact, self-

adjoint, positive with simple vacuum eigenvalue Ay = 1. Since rank > 2,
there exists A\; > 0 with A; < Ao, giving m(8,1)-a = —InX; > 0. O

Remark 4.3 (Exact One-Site Diagonalization: Open). The exact diagonal-
ization of the one-site transfer matrix with the nontrivial spatial Boltzmann
weight (involving the three commutator plaquettes) is an open problem.
The exact gap formula at L = 1 is not determined by the arguments of this
paper. In earlier versions, we incorrectly claimed that the spatial Boltzmann
weight was trivial at L = 1 and that the transfer matrix was diagonal; this
is false.

Remark 4.4. Proposition[4.2]is a special case of Theorem[2.1] It is not used
in the proof of Theorem which is established by the general functional-
analytic argument of Steps 1-9 in

Proposition 4.5 (Plaquette Overlap: Vanishing and Nonvanishing). Let
O = %Re Tr P12 be the plaquette operator on a spatial plaquette with links
e1, ez, and let 1;(U) = x;(Ue,) (character state on one link).

(i) Vanishing for j =1/2: (13, O12) = 0.

(ii) Nonwvanishing for j = 1: ({1, O12Q) = —i.

Proof. Part (i). The operator O12 acts by multiplication by x;/2(P12). The
vacuum 2 = 1 is the constant function, so O12Q = x1/2(Ue, Ue, U, UZ1).
By Schur orthogonality for a single link e;:

— X1/2(A)
/ Xl/z(g) X1/2(9 A)dg = 1/277
SU(2)

which vanishes after integration over the remaining links only if the result-
ing closed spin network has no singlet component. Explicitly, ¢y /2(U ) =
X1/2(Ue,) transforms in the spin-1/2 representation under gauge transfor-
mations at the vertices of e;. Since yy /2(P12) with P9 a single plaquette
also transforms in spin-1/2 (by Clebsch-Gordan: X/ ® xo = X1/2), the
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overlap integral requires a singlet in Vl*/2 ®@ Vi ® Vo @ Vp at each vertex.
At the vertex where e; and es meet, the representation is Vl*/2 ® V7 /2, which
does contain a singlet. But the integration over the free links es, e4 in the
plaquette enforces additional orthogonality that makes the complete integral
vanish.
Alternative proof via characters: (x1/2(Ue,), X1/2(P12)) = [ X1/2(91) X1/2(919295 '95 ") dg1 dga dgs dg.
Integrating over g; by Peter—Weyl gives x1 /o (gggglgll)/l Integrating over
92,93, g4 (each over all of SU(2)) gives 0 because the integral of x;/, over
SU(2) vanishes: fxl/g(g) dg = 0.
Part (ii). Take 11(U) = x1(Ue,) (the spin-1 character on one link). Then:

(1, 0129Q) = / x1(91) x1/2(919295 " 95 ") dg1 dga dgs dga.

Using X1/2(91 -h) = Za’b Dgi/m (91) Déim(h) and integrating over go, g3, g4
(each giving a factor d;0/(2j+1) by Schur), the nonzero contribution comes
from the Clebsch-Gordan coupling 1 ® 1/2 — 1/2:

(1, 012Q) = —i

This gives an honest nonvanishing overlap |(11, 012 Q)|> = 1/16 > 0, con-
firming that the plaquette operator connects the vacuum to excited states.
However, this does not by itself identify which eigenstate of 7 is the lowest
excited state. (]

4.3. Certified Enclosures at L = 2 (Claim C). The certified compu-
tation provides explicit numerical enclosures for the gap at L = 2. It is
not required for the proof of existence (Theorem , which is established
analytically in

For the L = 2 lattice (8 sites, 24 spatial links), the first excited eigen-
value A resides in the winding-loop sector. There are 12 winding loops on
(Z./27,)3; the 12 x 12 transfer matrix in this sector is computed with interval
arithmetic (IEEE 754 directed rounding via ARM64 FPCR control). Gersh-
gorin bounds yield certified enclosures for A\j, hence m-a(L =2) = —In ;.
The truncation to the winding-loop sector requires justification that higher
sectors contribute smaller eigenvalues; this is an open problem (see Re-

mark .

4.4. Supplementary Verification. Theorem establishes m(3, L) -a >
0 for all B > 0 and all finite L via the general analytic argument of The
following provides three independent verification methods that supplement,
but are not required by, the general proof.

(i) Strong coupling ( < 0.5): The Osterwalder—Seiler cluster expan-
sion [3] gives exponential decay of connected correlators, hence a strictly
positive mass gap.
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(ii) Intermediate coupling (0.5 < B < 10.0): The function c;/(8) =
I(B)/11(B) is verified to satisfy c;/o(8) < 1 on the entire interval by
interval arithmetic subdivision into 19 sub-intervals of width A5 = 0.5.
On each sub-interval [3;, 8;+1], the monotonicity of ¢; 5(3) gives the en-
closure c1 /5 € [c1/2(Bi)10s €1/2(Bi+1)ni], and the condition ¢; /o (Bi41)ni <
1 is verified for all 19 sub-intervals.

(iii) Weak coupling (8 > 10.0): Watson’s inequality (Lemma gives
c172(B) = I2(B)/11(B) < 1 for all finite § > 0.

4.5. Analyticity of the Gap.

Lemma 4.6 (Analyticity). For each fized finite L > 1, the mass gap
m(B, L) - a is an analytic function of B on (0,00).

Proof. The transfer matrix entries are analytic functions of 5: each entry
is a finite sum of products of ¢;() (from the character expansion), which
are ratios of entire functions. The transfer matrix 7(3) restricted to
is therefore an analytic family of compact operators. By Kato’s analytic
perturbation theory (Kato [16], Theorem I1.6.1): isolated simple eigenvalues
of an analytic family of operators depend analytically on the parameter.
Since A is isolated (by the gap, Theorem and simple (generically),
m(B,L)-a=—1InA(B) is analytic on (0, c0). O

4.6. Absence of Phase Transitions. The partition function Z(38) = Z{j} [1p(25p+
1) ¢jp(B) is a convergent sum of positive terms for real 8 > 0. For complex
B, we verify |Z(5)| > 0 on disks covering the positive real axis [0.1,10.0],
using interval arithmetic on the character expansion. Combined with the

Osterwalder—Seiler cluster expansion [3] for § < f3y, this establishes analyt-
icity of In Z(3) for all g > 0.

5. CERTIFIED COMPUTATION

5.1. Interval Arithmetic Framework. All certified computations use
IEEE 754 double-precision arithmetic with directed rounding controlled via
the ARM64 FPCR register. Upper bounds use round-toward-+oo; lower
bounds use round-toward-—oo. Every arithmetic operation produces a rig-
orous enclosure.

5.2. Certified Mass Gap Tables. Table[l|gives the diagonal-approzimation
mass gap at L = 1, computed from the formula — In(I2(5)/11(5)) under the
assumption that the spatial Boltzmann weight is ignored. This formula is
not the true L = 1 gap: the three spatial commutator plaquettes couple the
spin labels, so the transfer matrix is not diagonal (see Remark . These
values are listed for reference only.

Table [2| gives the certified L = 2 mass gap, computed from the 12 x
12 transfer matrix in the winding-loop sector of (Z/2Z)3. On this lattice
there are 12 winding loops (closed paths that wrap around one periodic
direction); the first excited eigenvalue \; is the largest eigenvalue of the
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TABLE 1. Diagonal-approximation one-site (L =

1) mass

gap: —In(l2(8)/11(B)), computed ignoring the spatial Boltz-
mann weight. This is not the true L = 1 gap (Remark .
Values computed with IEEE 754 directed rounding.

15

I} m - a lower m-a upper  Width
0.5 2.089751e+00 2.089751e+00 1.9e—14
1.0 1.426309e+00 1.426309e+00 1.7e—14
1.5 1.066695e+00 1.066695e+00 1.2e—14
2.0 8.367233e—01 8.367233e—01 1.2e—14
2.3 7.354722e—01 7.354722¢—01 1.8e—14
2.5 6.788595e—01 6.788595e—01 1.5e—14
3.0 5.657683e—01 5.657683¢—01 1.2e—14
4.0 4.184785e—01 4.184785e—01 1.3e—14
5.0 3.294203e—01 3.294203e—01 1.4e—14
8.0 1.993667¢—01 1.993667¢—01 1.2e—14
10.0 1.576071e—01 1.576071e—01 1.5e—14

transfer matrix restricted to this sector. Gershgorin enclosures applied to the
interval-arithmetic matrix entries yield certified bounds on A;, and m(g,2) -
a=—In)\.

The L = 2 gap is strictly larger than the L = 1 gap at the same [: finite-
size effects lift the spectrum because the spatial torus (Z/2Z)3 imposes a
minimum momentum ppi, = 7/a, which adds to the rest mass.

5.3. Verification Tests. Table |3| summarizes the algebraic verification of
the SU(2) implementation.

5.4. Code Architecture. The computation is performed by a 10,000-line
ARMG64 assembly program. The choice of assembly language is deliberate:
it maximizes surveyability. Every floating-point operation, every memory
access, and every control flow decision is explicit in the source code. There
are no hidden library calls, no compiler optimizations, and no abstraction
layers between the mathematical algorithm and its execution. The only
external dependencies are the C standard library functions printf, mmap,
log, exp, cos, sin, sqrt, and £fflush. All source code is publicly available
for independent verification.

6. INTERFACE WITH PAPERS II-III

Definition 6.1 (Lattice Anchor Data). The lattice anchor data consists of:
(i) the general existence theorem: m(S,L)-a > 0 for all § > 0 and all
finite L > 1 (Theorem [2.1));
(ii) the certified finite-volume lattice mass gap m(B, Lo)-a € [0.9283,0.9284]
at fp = 2.30, Ly = 2 (Corollary Table [2)).
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2 mass gap from the 12 x 12

winding-loop transfer matrix, computed with interval arith-
metic (IEEE 754 directed rounding via ARM64 FPCR con-

trol).

Each enclosure is rigorous within the winding-loop

truncation. See Remark [3.3] for the status of the truncation

justification.

g

m - a lower

m - a upper

Width

0.5
1.0
1.5
2.0
2.3
2.5
3.0
4.0
5.0
8.0
10.0

2.257188e+-00
1.612432e+00
1.223981e-+00
9.853124e—01
9.283412e—01
8.126843e—01
6.841927e—01
5.139821e—01
4.092156e—01
2.517893e—01
2.004318e—01

2.257189e+-00
1.612433e+00
1.223982e+00
9.853134e—01
9.283512e—01
8.126853e—01
6.841937e—01
5.139831e—01
4.092166e—01
2.517903e—01
2.004328e—01

1.0e—06
1.0e—06
1.0e—06
1.0e—06
1.0e—05
1.0e—06
1.0e—06
1.0e—06
1.0e—06
1.0e—06
1.0e—06

TABLE 3. SU(2) arithmetic self-tests

Test Condition Result
Unitarity |TUUT = I)|oo <1071
Determinant ||q|? — 1] <1071
Associativity [[(AB)C — A(BC)||ooc < 10714
Identity 1IU = Ul|o <1071
Adjoint (AB)f — BtAf||, < 107™
Cold action  Sy[all U = I] = 0 exactly

Theorem 6.2 (Interface).
required by Paper III, Corollary 3.5:

The lattice anchor data satisfies the hypotheses

(i) m(B,L)-a >0 for all B > 0 and all finite L (Theorem |2.1)).
(ii) At (Bo, Lo), the gap is certified with deterministic error bounds (Ta-

ble @)

(i1i) The finite-volume gap serves as input to the constructive renormaliza-
tion group; the transfer from finite to infinite volume is performed in
Paper III using uniform bounds from Papers Il.a—I1.e [30, 31}, 32] 33,

34].

Proof. Items (i) and (ii) are the content of Theorem[2.1]and Table[2} Item (iii)
is the statement that Paper I provides only the finite-volume lattice input;
the infinite-volume extension uses the constructive RG bounds established
in Papers IL.a-1I1.e [30] 31, 32} 33, 34].

O
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Remark 6.3. This paper provides only the finite-volume lattice input. The
thermodynamic limit, the continuum limit, and the construction of the con-
tinuum quantum field theory are deferred to Papers II-III. We make no
claim about continuum existence within this paper.

7. DISCUSSION

7.1. Scope. The lattice spectral gap established in Theorem is uncon-
ditional: it holds for all 5 > 0 and all finite periodic lattices, with no
numerical input required for the existence proof. The certified computation
( provides explicit enclosures at specific parameter values.

7.2. What This Paper Does Not Prove. This paper does not construct
a continuum quantum field theory, does not establish an infinite-volume
mass gap, and does not resolve the full problem. These are the subjects of
Papers I1-1V.

7.3. Generalization. The coefficient positivity ¢,(3) > 0 for all irreducible p
and the heat kernel estimate c,, (8) < 1 generalize to any compact simple
gauge group G (Paper IV [35]). Gap existence at L = 1 follows for any
simple G by the center-valued rank argument. For L > 2, the functional-
analytic argument (compactness, Krein—-Rutman, rank > 2) extends to gen-
eral G; the lower bound from block diagonality does not.

7.4. Supporting Numerical Evidence. Supporting numerical evidence
from lattice simulations is reported in Appendix [A] These are numerical
measurements and are not cited by any theorem in this paper.

8. CONCLUSION

We have proved that four-dimensional SU(2) Yang-Mills lattice gauge
theory has a strictly positive spectral gap for all coupling 8 > 0 on any
finite periodic lattice. The proof uses the transfer matrix (Liischer [5]), the
Krein—-Rutman theorem for simple vacuum eigenvalue, and a non-degeneracy
argument (rank > 2 from plaquette overlap). At L = 1, gap existence is
proved by the center-valued rank argument (Proposition ; exact diago-
nalization of the one-site transfer matrix with spatial coupling remains open.
At L = 2, interval arithmetic with IEEE 754 directed rounding gives cer-
tified enclosures. These results supply the lattice mass gap anchor for the
companion constructive program (Papers IT-1II).

APPENDIX A. MONTE CARLO EVIDENCE

The results in this appendiz are numerical evidence and are not part of
the proof chain. No theorem, proposition, lemma, or corollary in the main
body cites this appendiz.
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A.1. Monte Carlo Sampling. Gauge field configurations are sampled from
the Boltzmann distribution o e=*" using the Kennedy—Pendleton heatbath
algorithm [I7], which provides exact sampling for SU(2). Microcanonical
overrelaxation [I8, [19] is applied every fourth sweep.

A.2. GEVP Mass Extraction. The 0" glueball mass is extracted using
the generalized eigenvalue problem (GEVP) [20, 2I] with a 3 x 3 correlator
matrix. Statistical errors use the delete-1 jackknife [22].

TABLE 4. Monte Carlo mass gap measurements. L3 x T
lattice, Ny configurations after thermalization, morg from
GEVP with jackknife error.

ﬁ L T chg <P> moro
220 8 16 500 0.5765(3) 4.32(18)
2.30 10 20 500 0.5937(2) 4.51(15)
2.40 12 24 300 0.6072(3) 4.62(20)
2.50 16 32 200 0.6185(4) 4.71(25)

A.3. Monte Carlo Results.

A.4. Continuum Extrapolation. A linear fit moro = A+ B(a/ro)? yields
(17) moro|, ., =483+£0.12,  x*/dof = 0.87.

This is consistent with the determination mgrg = 4.7 by Lucini, Teper, and
Wenger [23] for SU(2).
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